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DERIVATION OF AN EFFECTIVE EVOLUTION EQUATION 
FOR A STRONGLY COUPLED POLARON 


RUPERT L. FRANK AND ZHOU GANG 


Abstract. Frohlich’s polaron Hamiltonian describes an electron coupled to the 
quantized phonon field of an ionic crystal. We show that in the strong coupling 
limit the dynamics of the polaron is approximated by an effective non-linear partial 
differential equation due to Landau and Pekar, in which the phonon field is treated 
as a classical field. 


1. Introduction and Main result 

1.1. Setting of the problem. In this paper we are interested in the dynamics of 
a strongly conpled polaron. A polaron is a model of an electron in an ionic lattice 
interacting with its snrronnding polarization held. In 1937 Frohlich |8] proposed a 
qnantnm-mechanical Hamiltonian, given in fll.ip below, in order to describe the dy¬ 
namics of a polaron. In this model the phonon held is treated as a qnantnm held. 
The Frohlich Hamiltonian depends on a single parameter a > 0 which describes the 
strength of the conpling between the electron and the phonon held. In 1948 Landan 
and Pekar m proposed a system of non-linear PDEs, see (II.Sh . (11.91) below, to de¬ 
scribe the dynamics of a polaron and nsed this in their famons compntation of the 
ehective polaron mass (see Hi for an alternative approach). They treat the phonons 
as a classical held. The derivation of their eqnations is phenomenological and they 
do not comment on the relation between their eqnations and the dynamics generated 
by Frohlich’s Hamiltonian. Onr pnrpose in this paper is to establish a connection 
between the two dynamics and to rigorously derive the Landau-Pekar equations from 
the Frohlich dynamics in the strong coupling limit a —)■ cxo for a natural class of initial 
conditions and on certain time scales. 

In order to describe this result in detail, we recall that the Frohlich Hamiltonian 
acts in where corresponds to the electron and T = the 

bosonic Fock space over corresponds to the phonon held. The Hamiltonian is 

given by 



( 1 . 1 ) 
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where p := —i'Vx and x are momentum and position of the electron and ak and al are 
annihilation and creation operators in satisfying the commutation relations 

[ttk, a*,] =6{k- k'), [ttk, %/] = 0 , and [al, a*,] = 0 . ( 1 . 2 ) 

As mentioned before, the scalar a > 0 describes the strength of the coupling between 
the electron and the phonon held and will be large in our study. 

To facilitate later discussions we rescale the variables, as in [7], 

X HA , k ^ ak, (1.3) 

and hnd that the Hamiltonian in fll.ip is unitarily equivalent to a^H^, where the new 
Hamiltonian H^, acting again in £^(M^) ® T, is dehned as 

[e-“ ^ / blhdk. (1,4) 

JRS |K| JR3 

The new annihilation and creation operators bk ■= a^Qak and bl := a^b*^j, satisfy the 
commutation relations 

[bk, 6 */] = a~‘^5{k - k'), [bk, bp] = 0, and [bl, bp] = 0. (1.5) 

We emphasize the a-dependence in (II.bh . 

We will discuss the dynamics generated by for initial conditions of the product 
form 


0 W{a^Po)Vt. 


( 1 . 6 ) 


Here, denotes the vacuum in W and W (/) denotes the Weyl operator. 


W{f) := , 


(1.7) 


so that W{q^(p)VL is a coherent state. This particular choice of initial conditions is 
motivated by Pekar’s approximation mug to the ground state energy, which uses 
exactly states of this form. Pekar’s approximation was made mathematically rigorous 
by Donsker and Varadhan |5] (see |T2] for an alternative approach). 

Clearly, the time-evolved state ® W{a^(pQ)Vt with t 7 ^ 0 will in general no 

longer have an exact product structure. However, we will see that for large a (and t 
of order one, or even larger) it can be approximated, in a certain sense, by a state of 
the product form 0 W(a^(pi)f2, where xfjt and pt solve the Landau-Pekar equations 


idt'iptix) = 


-A + 




dk 

W\ 




ia^dtiptik) = iptik)+ \k\ M |' 0 i(x)|^e*'''’^ dx 


( 1 . 8 ) 

(1.9) 


with initial data 'ipQ and Pq. Using standard methods one can show that for any 
ijjo G 77^(M^), Pq G £^(M^) and a > 0 the system fll.Sp . fll.91) has a global solution 
{'ijjt,pt), which satishes 


llV’t||£2(R3) = llV’o||£2(R3) and S{'ipt,pt) = S{'ipo,^o) for alH G M 











DERIVATION OF AN EFFECTIVE EVOLUTION EQUATION — May 11, 2015 


3 


with the energy 

\V'4^\^dx+ [ \^l^{x)\‘^ [ ^dx 

Jr3 J]r3 J]r3 \K\ 

+ f \ip{k)\‘^ dk . (1-10) 

Jr3 

We refer to Lemma 12711 and Proposition 12. 2l for more details about the solution {'ijjt, ^t)- 
In the original work of Landau and Pekar the equations are given in a different, but 
equivalent form, and we explain this connection in Subsection 11.41 


1.2. Main result. In order to prove our main result we need the following regularity 
and decay assumptions on the initial data. We denote by the Sobolev space 

of order m and by 

^ e)^dk) ( 1 . 11 ) 

a weighted space with norm 

Mc^=( f {i + k^r\m\"dk 

\Jr? 



Our main result will be valid under 


Assumption 1.1. We assume ipo E and ^po E with ||i/’o||£2(r3) = 1- 

A hrst version of our main result concerns the approximation of the reduced density 
matrices of ® W{a^LpQ)VL in the trace norm. 


Theorem 1.2. Assume that V’o (fo satisfy Assumption M. 1\ and let be the 

solution of fll.81) . fll.9l) with inital eondition (■^oWo)- Define 


Tt 


particle_ 


:= Tr 




Vo O W(aVo)f^) Vo O W{a^p>o)VL 
Vo ® hP(aVo)f^) Vo ® W{a^Lpo)VL 

Then, for all a>l and all t E [—a, a], 


..field_rp 

7i •- lW2(R3) 


Tr 


/:2(R3) 


7t 


particle 


- |V)Vt| <Ca (l + t ), 

Tr^ - \W{a^ipt)n){W{a^ipt)n\\ < Ca-^{l + t^) . 


Note that 7 ^'^, |V)(V| and \W{a^ipt)D){W{a^ipt)D\ all have trace norm 

equal to one (in fact, they are non-negative operators with trace one) and therefore 
Theorem 11.21 gives a non-trivial approximation up to times t = o{a). Already the 
approximation up to times of order one is signihcant since this is the time scale on 
which V changes. It is a bonus that the same approximation is in fact valid for much 
longer times. 

We emphasize that the Landau-Pekar approximation to the Frohlich dynamics de¬ 
pends on a (through fll.QiP . As we will explain in Subsection 11.31 without allowing 
























4 


RUPERT L. FRANK AND ZHOU GANG 


for an a-dependence one can not approximate with accnracy for times of 

order one. 

We next present a more precise resnlt which comes at the expense of a more 
complicated formnlation. We approximate the state ® W{q^(Po)VL itself in 

0 and not only its rednced density matrices. However, it tnrns ont that 
np to the desired order a~‘^ this is not possible in terms of simple prodnct states. 
Instead, we need to inclnde an explicit non-prodnct state of order a~^ which takes 
correlations between the particle and the field into acconnt. The key observation is 
that this term satisfies an almost orthogonality condition, so that it does not con- 
tribnte to the rednced density matrices to order a~^. For the statement we need the 
real scalar fnnction uj defined as 

u{t) ■= (1-12) 

It will follow from Lemma [2. II below that this fnnction is nniformly bonnded in t G M. 

The following is onr main resnlt. 


Theorem 1.3. Assume that tfjQ and <po satisfy Assumption M. 1\ and let be the 

solution of fll.Sp . fll.91) with initial condition ('0o,</3o)- Then there is a decomposition 




Vo O hF(aVo)f^ = (g, W(aVi)^ + R{t) 

and a constant C > 0 such that for all a>l and all t G [—a, a], 

||(SJ, < Ca-^\t\ (1 + |«|) 




<Ca-ft\{l + \t\) 


and 


II-^(^)II/:2(r3)^j- < Ca (1 + \t\) . 


(1.13) 

(1.14) 

(1.15) 

(1.16) 


More precisely, (11.131) holds with R{t) = Ri{t) + i? 2 (t) and with the following bounds 


|(H, W*{a^ipt)Ri{t)) 
(V, W*{a^pt)Ri{t)) 


J'll£2(R3) 




n2(R3) 




T 


(1.17) 

(1.18) 


and 


l|-^2(^)||£2(R3)0jr < Co |t| (1 + |t|) , I|-^i(^)I|£2(r3)^j- < Co (l+|t|) . (1-19) 

Similarly as before we note that for t = o{a) the term R{t) is of lower order than 
the main term e“Co 0 which has constant norm eqnal to one. 

The message of Theorem 11.31 is that, while R{t) is in general not of order a~‘^ (for 
times of order one), it can be split into a piece which is, namely i? 2 (t), and a piece 
which satisfies almost orthogonality conditions, so that it does not contribnte to the 
rednced particle or field density matrices at order a~^ either. The term Ri{t) is given 
explicitly in fl2.16p below. 
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Theorem 11.31 implies Theorem II.21 bv a simple abstract argument, which we explain 
in Appendix [Dl In the following we concentrate on proving Theorem 11.31 

In Subsection 11.31 we compare Theorem 11.31 with a similar approximation in [7] 
where (ft is independent of t. In Lemma [1.41 we show that this simpler approximation 
does not yield the same accuracy in terms of powers of a~^ as Theorem 11.31 In this 
sense Theorem 11.31 derives the Landau-Pekar dynamics from the Frohlich dynamics 
and answers an open question in [7j. 

While it is necessary to take the time dependence of (pt info account, this dependence 
is still weak for times of order a as considered in our theorems. The held (ft changes 
by order one only on times of order and it would be desirable to extend Theorems 
0 and 11.31 to this time scale, at least for a certain class of initial conditions. This 
remains an open problem. 

The almost orthogonality relations (ll.ldh and (11.151) clearly play an important role 
in our proof. Let us discuss their origin in more detail. We introduce the function 

and consider the problem of approximating ® W{a^i~po)Vt by a function of 

the form 'ipt ® W{a'^ipt)^- (We do not assume at this point that -0* and pt satisfy an 
equation.) Since W{a^pt) is unitary, this is the same as the problem of choosing rfjt 
and pt so as to minimize the norm of the vector 

Vo ® W{a^po)Vt - V ® • (1-21) 

Clearly, for given -00 1 and pt^ the optimal choice for -0^ is 

V = in, Vo ® W{a^po)dj^. (1.22) 

In order to determine pt we only solve the simpler problem of minimizing the norm of 
the projection of fll.2ip onto the subspace spanjT/’i} ® This norm could be made 
zero if we could achieve 

= (V, Vo ® W(aVo)ll)^^ • (1.23) 

While it may not be possible to have exact equalities in fll.22p and fll.23p . we will 
see that the Landau-Pekar equations yield almost equalities. In fact, the almost 
orthogonality relations fll.ldp and fll.lSp in our main theorem state exactly that 

W*(aVt)e"*'^“ Vo <8) hP(aVo)ll^^ =0^2 (a"Vl (1 + IV) (1-24) 
H - (V, W*(aVi)e-'^“ Vo ® W(«Vo)ll)^^ = {a-^\t\ (1 + \t\)) . (1.25) 


1.3. Comparison with earlier results. The problem of approximating the Frohlich 
dynamics of a polaron was studied before in [7] and it was shown that 


Vo ® fF(aVo)ll - 


Ct®W(aVo) (1.26) 


£20^ 
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where (t denotes the solution of the linear equation 


idtCtix) 


-A + 




dk 

W\. 


Ct{x) 


with initial condition i/jq. We stress that in this approximation, (po does not evolve in 
time. 

Our Theorem 11.31 improves upon this result by exhibiting an approximation which 
is valid for longer times. Namely, fll.161) says that 


Vo O lT(aVo)0 - ® W{a^(pt)n 


< Ca-^il + \t\) . 

n2,g)jF 


(In [7] weaker regularity and decay assumptions are imposed on 'ipo and ipo, but we 
emphasize that fll.lbp is also valid under weaker assumptions than those in Assumption 
11.11 In fact, the latter assumption is needed to bound R 2 (t), whereas for fll.lbp one 
can avoid the use of Duhamel’s principle in Proposition 12.31 ) 

More importantly, even for times of order one the bounds from [7] do not allow one 
to approximate cis precisely as in Theorem 11.21 In fact, (11.261) gives, using (ID.Ill 
and possibly changing the value of C, 


Ttc2 


^particle _|^^)(^^| < l/2gC|t| ^ 


Tr£2 - \W{a‘^(po)n){W{a\o)n\ \ < . 


The next result shows that in the approximation of fhe order a~^ (for times 
of order one) cannot be improved in general. In contrast. Theorem 11.21 says that 
IIP(a^(pt)f2) (IP {a^Lpt)^\ provides an approximation to order a~‘^. This gain of a factor 
of a~^ comes from the time dependence of (ft through the Landau-Pekar equations. 


Lemma 1.4. In addition to Assumption \l. 1\ suppose that ip^ ^ —<Tpo ^ke notation 
(12.211 . Then there are £ > 0, C > 0 and c > 0 such that for all |t| G [Ca~^,e\ and all 
a > Cje, 

Tr^ lyfieid - |IP(aVo)V(W"(«Vof^|| > ca-^\t\ • 

Since Theorem 11.21 is a consequence of Theorem 11.31 and since we showed that one 
cannot replace (pt by (po in Theorem 11.21 the same applies to Theorem 11.31 

Let us consider our problem from a wider perspective. We have a composite quan¬ 
tum system TLi 0 7^2 and a Hamiltonian which couples the two subsystems. Each 
system has an effective ‘Planck constant’ and the characteristic feature of the problem 
is that the Planck constant of one system goes to zero, whereas that of the other sys¬ 
tem remains hxed. Thus, one of the system becomes classical, whereas the other one 
remains quantum-mechanical, and Ginibre, Nironi and Velo [9] used the term ‘par¬ 
tially classical limit’ in a closely related context. (For us, the ‘Planck constant’ of the 
phonons is a~‘^, as can be seen from the commutation relations, whereas that of the 
electron is of order one.) A prime example of such a problem is the Born-Oppenheimer 
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approximation, where the inverse square root of the nuclear mass plays the role of the 
small Planck constant. 

Here, however, we consider the case where "Hi <8) 'H 2 has infinitely many degrees of 
freedom. As is well known, our Hamiltonian is the Wick quantization of an energy 
functional on an inhnite-dimensional phase space and the notion of ‘Planck constant’ 
has a well-dehned meaning through the commutation relations of the helds. (We 
emphasize that in our problem we can imagine that we have also a held \1/ for the 
electrons, but that we only consider the sector of a single electron.) 

Although there is an enormous literature concerning the classical limit, starting with 
Hepp’s work [TO], and although we believe that the question of a partially classical 
limit is a very natural one which appears in many models, we are only aware of the 
single work |9] prior to |7] on this question. The paper |9] studies huctuation dynamics. 
Closer to our focus here are the works about the Nelson model with a cut-off 

where, however, a classical limit on both systems is taken. On the level of results one 
obtains equations similar to the Landau-Pekar equations (without the factor in 
(II.9p ). but the proofs are completely different, as [1] relies on the Wigner measure 
approach from EE). The polaron model, in contrast to the Nelson model, does not 
require a cut-off, although this is not obvious since the operator f e^^'^bk\k\~^ dk and 
its adjoint are not bounded relative to the number operator. Lieb and Yamazaki [T3] 
devised a method to deal with this problem in the stationary case, but it is not clear 
to us how to apply their argument in a dynamical setting and we consider our solution 
of this problem as a technical novelty in this paper. Our methods apply equally well 
to a partially classical limit in the cut-off Nelson model and, in fact, the proofs in that 
case would be considerably shorter. 

1.4. An equivalent form of the Landau—Pekar equations. Often the Landau 
Pekar equations are stated in the form 

{-A + \x\~^ * Pt)^pt, (1-27) 

a^d^Pt = -Pt-{27rYm^ (1.28) 

for a real-valued polarization field see, e.g., [nmi. Let us show that this pair 
of equations is equivalent to the pair of equations that we discussed so far. In fact, 
assume that ipt and ipt solve (II.8p and (11.91) and define 

Pt{x) := (27r)-^ Re [ \k\ipt{k)e-^’^-^ dk , 

as well as the auxiliary function 

Qt{x) := {27r)~^lm [ \k\ipt{k)e~''’^''^ dk . 

2R3 

If we multiply (II.9p by |/c| and integrate with respect to we obtain 


ia^dt{Pt + iQt) — Pt~\~ iQt + {2'n'Y\'ip^\‘^ 
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Since Pt and Qt are real, this equation is equivalent to the pair of equations 

a^dtPt = Qt , o^dtQt = -Pt - (27r)2|V’tP • 

Here we can eliminate Qt by differentiating the hrst equation and arrive at fll.28p . 
Moreover, the inversion formula 

(Pi(fc) = (27r)"^|/c|"^ [ {Pt + iQt)P’"''^ dx 

7r3 


implies 

^ = |x|-i * Pt , 

which yields ([L2ZD- 


Acknowledgements. The authors are grateful to J. Frohlich, M. Lewin, B. Schlein 
and R. Seiringer for their helpful remarks at various stages of this project. Support 
through NSF grants PHY-1347399 and DMS-1363432 (R.L.F.) and DMS-1308985 
and DMS-1443225 (Z.G.) is acknowledged. 


2. Outline of the proof 


2.1. Well-posedness of the Landau—Pekar equations. We begin by discussing 
the well-posedness of the equations for -0* and ipt in fll.8p and fll.9l) . We use the 
following abbreviations for the coupling terms in these equations. 


V^(x) 




dk 

\k\ 


( 2 . 1 ) 


and 

a^{k)-.= \k\~'^ [ \il)t{x)\^P'"''^ dx . (2.2) 

2k3 

The following lemma, which is proved in Appendix [Cl states global well-posedness in 
the energy space x 


Lemma 2.1. For any ('0O;7’o) ^ x there is a unique global solution 

('0t,(pt) of (II.8p . (11.91) . One has the conservation laws 

||'0i||L2 = lli/iolUs and 8 {'tpt,q^t) = S{iJo,(po) forallteR. 

Moreover, for all a > 0 and all t eR, 

(2.3) 

and 

\Wt-^sWc^ s\, (2.4) 
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In the proof of our main result we need to go beyond the energy space x 

The following proposition states that if the initial conditions have more 
regularity and decay then, at least for a certain (long) time interval, we have bounds 
on the solution in the corresponding spaces. We will also need some bounds on the 
auxiliary functions gs,t : —)■ C defined by 


and gfs : —)■ C defined by 

9 s{x) : = 


= f L>t{k) - ipsik) ^ 

Jm? L -I \k\ 

(2.6) 

r nu 

-ds 9 s,t{x) = / e^’^'^dsifsik) — . 

Jr 3 \k\ 

(2.6) 


The following proposition will also be proved in Appendix ICl 


Proposition 2.2. Let r > 0. If (V’o, satisfies Assumption M.li then for all a > 0 
and for all t,s E [—ra^, ra^] we have 


Moreover, 


and 


W'ftWn^ S 1, 

S 1, 

IIS^SjlIloo 1^ S 


||^t<Tpj||£2 1 

IlS'sIloo ^ Cl 


(2.7) 

( 2 . 8 ) 

(2.9) 


2.2. Decomposition of the solution. In this subsection we decompose the solution 
® IT(a^(po)f^ as claimed in Theorem 11.31 In order to state this, we need to 
introduce some notations. 

It will be convenient to work with the function 'fit from (II. 20^ . Clearly, the bounds 
from Lemma [2.II and Proposition 12.21 hold for 'fit as well. (For the bounds on dt'fit we 
use the fact that |c(;(t)| < 1 by Lemma lATl ) Moreover, we note that fit and (ft satisfy 
the modified equations 


idtfifix) = 


dk 


-A + / [e-^’^-^^t{k) + e^’^-^fitik)] ^ + u{t) 
7r3 \k\ 


ia^dt(pt{k) = (pt{k) + \k\ M \fit{x)\‘^e'^''"'dx 


fitix ), (2.10) 

(2.11) 


Next, we dehne for fi G £^(R^) with ||'0|| = 1 the orthogonal projections in £^(R^) 

Pp := \fi){fi \, P^^ := 1 - Pp = 1 - \fi){fi \. 

The effective Schrodinger operator in £^(R^) is defined by 

H^:=-A + V^+ [ \ip{k)\^dk (2.12) 

with V^p from (12.11) . Moreover, let us introduce the operator 

H^,= W*{a^ip)H^W{a^ip) 


(2.13) 
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in (8) T. Using the commutation relations (see Lemma fA.ip we find that 

H^ = H^+ f [ [vim + mh] d 

JR3 FI JR3 

Finally, we introduce the vector 


Fts ■= Pf 

IpS 


[ blbk dk. 

(2.14) 

iR3 


dk 


W\ 

(2.15) 


and define 


and 


t nt—s 


D, : = 


D, ; = 


: = 


D, : = 


D. := 



IQ JO 
rt pt—s 



fO JO 
rt pt—s 



fO JO 

rt pt—s 



Do:= / P^-^^Ft,sds 

Jo 

’V \k\ 

’ ' \k\ 

dkdsids, 
dkdsi ds , 


dsi ds , 
dsi ds , 


'0 Jo 

rt pt—s 



0 ^0 


dkdsids. 


With these notations the promised representation formula for the solution looks as 
follows. 

Proposition 2.3. Assume that satisfy fl2.10l) . (12.111) with initial conditions 

('00, y^o) where |l'0o|P = 1- Then for any f G M one has the decomposition 


with 

and 


Vo ® W{a^ipo)Tl = V ® W{a^ipt)n + Ri{t) + i?2(t) 
R^{t) := -iW{a^ipt)e-^^^dDo 


R 2 {t) := -lU(aVi)e“'^^** {Di + D 2 + D 5 + D 4 + D 5 ) . 

Clearly, in terms of the original function fjt, the term Ri is explicitly given by 


Ct r- 


R,{t) = - zW{a^Pt) 


{t-s)-i fg uj(si) dsi 


dk 


Jk? FI. 


ds. (2.16) 


The proof of Proposition 12.31 makes use of equations fl2.10p . (12.lip for as 

well as the Duhamel formula. We single out the use of the equations in the following 
lemma. 
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Lemma 2.4. Assume that satisfy fl2.10p . fl2.1ip with initial conditions {'ipQ^ipo) 

where ||V’o|P = 1- Then for any t G M one has 


Vo «) «) ds . (2.17) 

Jo 

Proof of Lemma jS.fl Applying the operator * to both sides of fl2.17p we see that 
we need to prove 


'4)Q®W{a^ipo)Vt = — i I e^^^'^W{a^ipt)Ft^s ds . 


iHLs 


This is clearly true at t = 0 and therefore we only need to show that the time deriva¬ 
tives of both sides coincide for all t, that is, in view of definition (I2.15p of Ft^s, 


0 = 


jiiLt 


iH^fjt ® W (-1- dt'ft ® W{a^ipt)^ TV® dtW{a^ipt)Pt 



This is, of course, the same as 


iH^ipt ® W{a‘^(pt)^ + dt'ft ® W{a^ipt)Pt + V ® dtW{a^ipt)Pt 

= tW(a^^,)Pi, {rmii; ® n) V P.18) 

which is what we are going to show now. 

We begin by rewriting the first term on the left side. Using fl2.13p and fl2.14l) we 
obtain 


= iH^.Tpt (8) W (a^(pt)f2 +'ft W(a^ipt) ih*{ipt) + i 




dk 

W\ 


n. 


In order to rewrite the third term on the left side of fl2.18p we use the formula for 
dtW from flA.4p below and find 

'ft ® <9*1^ (aVt)^ =iof (Im((pt, dty>t)) 'ft®W (aVt)^ + (^‘^'ft ® hh (aVi) h*{dty>t)^ . 

Thus, recalling the definition of u: in (I1.12p . we have shown that 

iHaft ® W dt'ft ® W + 'ft® dtW 

= [dt + i{-A + V^^ +u{t))]ft®W{a‘^(pt)Ll (2.19) 


lU(aVt) 


a b*{dt(pt) + ib*{(pt) + i 


k 




dk 

W\. 


ft® Ll) . 


( 2 . 20 ) 
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At this point in the proof we use the equations for 'ipt and (ft- It follows from fl2.10p 
that line fl2.19p vanishes identically. For line fl2.20p we use fl2.1ip to obtain 


® W + dt'ipt ® W(a^cpt)^ + V’l ® dtW 

, dk 






\My)\ e* '^dy + e 


ik-x 


\k\ 




i>t 




dk 

W\ 


( 2 . 21 ) 


Here we used the fact that W'll’tW = llV'oll = 1 by assumption and Lemma 12.11 and 
therefore 


Equation fl2.2ip proves (12.1 8p and completes the proof. 


□ 


Having proved Lemma 12.41 we turn to the proof of Proposition 12.31 


Proof of Proposition \2.3[ It follows from Lemma 12.41 and fl2.13p that 

Jo 

In the time integral on the right side we use Duhamel’s principle and fl2.14p . 

-t f ^ f f ^ ^ + / blbk dk 

Jo V4k3 \k\ Jt^3 

+ [ [Pt(,k)bl + (pt(,k)bk\ dk'] dsi. 

JR3 / 

Proposition 12.31 now follows easily from the dehnition of Dq, ..., D^. □ 


2.3. Reduction of the proof of the main result. In the remainder of this paper 
we will prove the following 

Theorem 2.5. Assume that and (po satisfy Assumption 11.11 let {'ipt, Pt) be the 
solution of fl2.10p . (12.111) with initial condition ('0o,‘l’o) o,nd let Dq, ..., be as in 
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ProposifAon \2.^ Then there is a constant C* > 0 sueh that for all a > 1 and t G [0, 

ll-Do||£20_7r < Ca ^ (1 + t), (2.22) 

ll-Oi||£2igi^ < Ca (1 + t) , (2.23) 

||-D2||£20_7r < a (1 + t) (l + a , (2.24) 

WDsWc'^^j^ < Ca (1 + t) (l + a ^tj , (2.25) 

\\D4c^^^ < Ca-H^ (1 + a-h) , (2.26) 

\\D^\\c'^i^jr < Ca (1 + t) (l + a , (2.27) 

11(12, (2.28) 

Ut, < Ca-H^ (l + «“¥) . (2.29) 

\ /£2(K3) ^ ^ ' 


This theorem (and its analogue for t G [—a^,0]), together with the decomposition 
from Proposition 12.31 and the fact that the operators W{a‘^(pt), and 

are unitary, implies Theorem 11.31 In fact, (I2.22p implies the second bound in (ll.lhh . 
(I2.23p - (l2.27p imply the hrst bound in (I1.19p . (I2.28p implies (I1.17p and (I2.29p implies 
dUH]). 

We emphasize that Theorem 12.51 is valid up to times (In fact, since the proof 
only relies on Proposition 12.21 it is valid up to times for an arbitrary r > 0 with C 
depending on r.) Consequently, the bounds in Theorem 11.31 are also valid up to times 
a^. However, since the evolved state and the main term in the approximation have 
both norm one, the bounds are only meaningful for times up to ea for some small 
£ > 0 . 

The basic intuition behind the bounds on Dj., k = 0,... ,5, is that each annihilation 
or creation operator is of order a~^ and therefore Dq, which contains only one creation 
operator, is of order a~^, Di, D 2 , D^, D^, which contain two creation or annihilation 
operators, are of order a~‘^ and D^, which contains three creation or annihilation 
operators, is of order a~^. We illustrate this intuition in more detail in Subsection 12.51 
with the simplest possible terms. 

While this basic principle is true, it is oversimplifying the situation considerably as is 
does not take the slow-decaying terms into account. The operator J e^’‘'^bl\k\~^dk 
and its adjoint are not bounded relative to the number operator J h\hk dx. In fact, the 
treatment of these operators is the major difficulty that we have to overcome here. 

At this point we have reduced the proof of Theorem ll.3l to the proof of Theorem 12.51 
and the remainder of the paper is concerned with this. We bound Dq in Section IH 
Di in Section [Hand D 2 in Section [5l The terms Us, and which are easier to 
bound than Di and D 2 , are briefly discussed in Section [6l Finally, the bounds fl2.28p 
and fl2.29p will be proved in Subsections 17.11 and 17.21 respectively. 
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2.4. A further decomposition. Using the fact that 
of Lemma 12.41) , we decompose 


Fi 


t,S 


_pd) _ p(2) 
■^t,S -^t^S ’) 


1 — \ (see the proof 


where 

and, with the notation from fl2.2l) . 

Ff; := 0 W*{a^^t)W{a^^s)b*{a^jn. 

Correspondingly, we dehne 


Dk = Dki-Dk 2 for fc = 0,l,2,3,4,5. 


In general, the terms Dk 2 are easier to deal with than the terms D^i. The reason for 
this is that P^'^\k\~^ ^ whereas G by Lemma [2Tl so the operator 

/ P^'^h\\k\~^ dk in is harder to control than the operator b*{a^J in F^'^J. 

For fc = 1,..., 5 both operators D^i and 0^2 involve an operator bl, bk or b^bk to 
the left of F^^J or F^'^J, which in turn involves an operator W*{a^ipt)W{a^ips)- We 
now decompose 


Dkj = Dkji + Dkj 2 for A; = 1, 2, 3,4, 5 and j = 1, 2 , 

where D^ji denotes the expression with b^, bl or blbk commuted through the operator 
W*{a^(pt)W{a^(ps) and Dkj 2 denotes the expression coming from the commutator. To 
be explicit, we display some exemplary cases, 

r*t (*t—s {* p 


-Dm = 



0 ^0 


t nt—s 



Di21 — 



0 


t nt—S 


D 211 — 



0 JO 


t pt — s 


D221 — 



dk' dk 

X —— dsids, (2.30) 

\k \ |fc| 

dk 

X-05 0 U - dsi ds , (2.31) 

\k\ 

dk' dk 

xi/>,0f2^^dsids, (2.32) 

\k \ \k\ 



0 Jo 
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The commutator terms can be computed with the help of Corollary IA.21 Recalling 
the definition of the function gg^t in (I2.5p . we have for instance 


t nt—s 


Dii2 — — 



0 Jo 


t nt—S 


dk 

®n — ds^ds, 

\K\ 

(2.34) 


D\22 — 


£^212 — 


D 222 — 





0 Jo 


(2.35) 


t pt—s 



dk 


0 Jo 


t nt—s 



e*^^*("+"i)^fT*(aVt)W^(«V.)e“* ®kl — dsids, 

\k\ 

(2.36) 

)^g ®kldsi ds . (2.37) 


0 Jo 


2.5. Some warm-up bounds. In order to prepare for the rather technical sections 
that follow, we will first focus on the terms that do not include a term of the form 
|/c|“^, that is, on the terms Dq 2 -i D 32 , -D 42 and ^ 52 . We hope that this explains the 
underlying mechanism of our proof and the intuition that each annihilation or creation 
operator is of size a~^. 


Bound on Dq 2 - We recall that 


Do 2 = / ® ds 


and, therefore, by Lemma 12.11 

||^o2|U20j-< [ WiJshWia^JQWjrds = a~^ 


WjJ \2 ds <a H. 


(2.38) 


'0 

Bound on /I 32 . We have 

rt nt—s 


-D 321 — 



0 JO 




and, according to Corollary IA.21 

pt pt — S 

D322 = — 





0 JO 




® [{ipt - (ps,(pt)W*{a^(pt)W{a^(ps)b*{(T;j^^)kl) dsi ds . 
By the bounds from Lemma 12.11 we have 

\\b*{(pt)b*{a^jn\\^ = 0-2 (||</3t|l2lkpjl2 + l(v?tWpjr)^^^ < , 

and therefore, using also the conservation of the C^-noim. of 'ipsi 

||-D32l||n2^yr < O 2^2. 
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On the other hand, the bounds from Lemma 12.11 imply 

and therefore, using again the conservation of the £^-norm of 'i/jg, 

\\D322\\c‘^0T ^ CK . 

Thus, we have shown that 

||-D32||£20jr < a (l + a . (2.39) 

Bound on ZI 42 . We have 

rt /•t—s 


-D 421 — 





0 JO 




and, according to Corollary IA.21 

ft nt—s 


-D 422 — 





0 ^0 




0 - ips)W*{a^ipt)W{a^ips)b*{(T;p^)Q) dsi ds 


We commute once again and obtain 

ft nt—s 


-D 421 — 





0 JO 


e 1 0 ‘^{(p^^a^jW*{Q^(pt)W{a‘^(ps)Q) dsids. 


According to Lemma [2T] we have ^ 1- This and computations similarly to 

those in the bound of D 32 yield 

||-D42i||/:2,g,j- < a , ||-D422|U2|g)j- < a . 

Thus, we have shown that 

||-D42||£20j-< a (1 + a . 

Bound on ZI 52 . To simplify the notation, let us introduce 

Af = [ blhdk. 

Jr3 

We have 


(2.40) 


(2.41) 


t nt—s 


D 521 = 





0 ^0 


1 0 (W*{a^ipt)W{a^^sWb*ia^jn) dsi ds . 


Moreover, by Corollary IA.21 

W*(aV)W"(«V.)] =-W*(aV)W^(«V.) (%*)-%.)) 

+ W*(aVi)^T(aVs) ib*{ipt) - 6*(v?.)) 
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SO 

^522 =l I 0 {W*{a^<ft)W{a^ips) 

X {-b{^pt - ips) + h*{ipt - p>s) - \Wt - 952II2) ds . 

We use Afb*{a^J = b*{a^JJ\f + a~‘^b*{a^J and obtain 

1^521 = 0 {W*{a^^t)W{a^ips)b*{a^JQ) dsi ds . 

Therefore, similarly as before, 

For D522 we commute again to get 

1^522 = j j 0 (W*(«Vt)W"(«V.) 

X {-a~^(ipt - (fis, + b*{ipt - (fs)b*{a^JQ - ||(^t - (f 2 \\l ds . 

For the second term on the right side we compute 

\\b*{^t - = a"^ {yt - + \{^t - • 

Using the bounds from Lemma [2.II for ||(pi — (ps ||2 we obtain that 

\\D522\\c^(SiT ^ O' (1 + a . 

Thus, we have shown that 

\\D52\\c^(S)T ^ Oi (1 + a . (2.42) 


3. Bound on Dq 

We have already controlled Dq 2 in fl2.38l) . so it remains to consider Dqi. 


Bound on T^oi- We recall that 

1^01 = r [ (e^’^-^W*{a^ipt)W{a^ifs)bl ds 

Jo Jr3 ^ ^ FI 

The main difficulty here, which we will encounter in various forms throughout this 
paper, is the unboundedness of the operator j dfc (for any hxed x G M^), 

since ^ £^(R^). 

To overcome this difficulty we make use of the oscillatory behavior of e®^'^ via the 
formula 


^ik-x 


1 — ik ■ Vx 

1+ |fc|2 


^ik-x 


(3.1) 


and aim at integrating by parts with respect to x. However, this integration by 
parts creates a new difficulty: the resulting operator is unbounded and has to be 
controlled. 
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To overcome this new difficulty, it will be desirable to have an operator (—A + 1)“^ 
somewhere in the expression of Dm so that we can use it to control Vx, since obviously 
Va;(—A + 1)“^ is bounded. It is equivalent and technically more convenient to work 
with where M > 0 is a large constant (independent of a and f), instead 

of (—A + 1)”^. In order to create this term we hrst integrate by parts in s and make 
use of the identity 




— 1 ^—iMs‘ 


{H^t+M)s 


(3.2) 


We obtain, using the fact that commutes with W{a^ips)i 


Dm = - + M)-^ I 

JR3 |fc| 


+ tW*{a^cpt)W{a^cpo) + M)"' / ® 


dk 

W\ 


Jo JR3 |fc| 

dk 


dk 


+ t I D^-^^W*{a^ipt)W{a^ips){H^,+M)-^ I ds 

Jo Jr 3 |fc| 

+ ^ (a,W(aVs)) + M)"' [ ^Q^ds 

Jo Jm .3 Fl 


— f^oil + f^012 + f^013 + f^014 -|- 4^015 


Dn 


where the terms D^ik are dehned in a natural way. We will prove the following lemma. 


Lemma 3.1. Foru G 'H^(M^) and f G £^(M^), 


(-A + 1 ) 


- 1/2 / ik- 


dk 






£2g,J- 


and 


(-A + 1)"^/M D^-^b*{f)blu®D 


dk 

W\ 




C^(S)T 


We defer the proof of this lemma to the end of this section and hrst show how 
to use it to control Hqi• We know from Corollary IB. 21 and Lemma 12.11 that we can 
choose M large enough so that + M)“^/^(—A + 1)^/^ is bounded uniformly in 
f G M. Moreover, by Proposition l2.2l ijjt and dfijjt belong to and have uniformly 

bounded norms for t G [0,0;^]; see also the remark at the beginning of Subsection 12.21 
concerning the bounds on dt^Jf These facts, together with the unitarity of 
W*{a^^Pt) and W{a^^ps), imply that 

||-Doii||/:2^jr < a ||-Doi2|U2^j-< a 




013||£2|g)j- 




\D. 


014||£2g,j- 




and 
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In order to deal with the term -D015 we make use of (1A.4I1 and hnd 


-D015 = - / (lm(<y9s,Q!^cIs</25)) 


X + M)-^ / 


dk 


\k\ 


+ i I e*^^*W*(aVi)W^(aVs) 


X + M)-^ / e^'^'%*{a^ds^s)hlips ®n'^ds 


dk 


-i / e*"^‘W*(aVt)kh(aV) 


X + M) W e"^''"h{a^ds(ps)hl'ips ®kl'^ ds 

Jr 3 \k\ 

Dn 


\k\ 


dk 


—-Dnifil + D 


0151 w -t^0152 “T -t^0153 • 

From Lemma Em we know that |(</9s, a^cls</9s)| < 1 and ||a^9s93s|| < 1. Thus, the hrst 
and the second bound in Lemma 13.11 imply, respectively, 

11-^015111 £2,3) J- < a 4, ||-Do 152|U2®J^ ^ u . 

For ZI0153 we use the commutation relations to rewrite it as 

Doi 53 = -^ [ {H^,+M)-^g,'iPs®Qds 

Jo 

with Qs from fl2.6p . Therefore, Proposition 12.21 yields 

||-Do 153||£20J- < a H. 

To summarize, we have shown that 

ll-^oi|ln 23 iyr ^ « (1 + t). (3.3) 

It remains to give the 

Proof of Lemma [3J\ For any 7 G 0 JF and {^k)km^ C we use fl3.ll) to hnd 

7 , (-A + l)-'-"^ f 

Jk.^ \^ \ / C?®T 

\ Jr 

+ /(-A + l)-'/S, 


R3 |fc|(l + I^P) / ^2(g,jr 

/* jUpik-x \ 


^ik-x 


'r 3 1^1(1 + l^h 


-u 0 <Ffc dk 


) 


/ 
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Clearly, ||V(-A + 1) 1/2^11^2^^ < ||7lU2®^ and ||(-A + 1) 1/2^11^2^^ < ||7lU2®^, so 




dk 

W\ 


< 


C?®T 


\U\\Hi sup 
xeK'^ 


+ 


R3 1^1(1 + I^P. 

r Ak-x 


/r3 1^1(1 + I^P) 


dk 


dk 




T. 


If d>fc = 6^f2, we use the fact that G to conclude that, 

uniformly in a: G M^, 


ike 


ik-x 


/r 3 |fc|(l + \k\ 


bin dk 


2\ k 


<a-^ 


T 


Ak-x 


/r3 \k\{l + |/c|2) 


blfl dk 


2\ k 


5 , a ^ 




This proves the hrst bound in the lemma. If = b*{f)blfl, one can similarly show 
that 


ike 


ik-x 


/r3 1^1(1 + I^P) 


b*{f)bindk 


< 


T 


r-sj 9 


Ak'X 


/r3 |/c|( 1 + |/cp 


-b*{f)bindk 


< 


T 


rsj 9 


This proves the second bound in the lemma. 


□ 


4. Bound on Di 

Bound on Dm. We recall equation fl2.30p for Dm- fa this equation, we commute 
eik-x ^ Thus, if we introduce the operator 

H^{k):=D^-^H^e-^^-^ = {tV. + kf+ V^+ f W{k)\^ dk , (4.1) 

Jv? 


we obtain 


t nt—s 


Dm = 



0 Jo 



i 

~ ^dk' dk ^ , 


k' 


Controlling Dm is harder than controlling Dqi because there are two slowly decaying 
terms |/c|“^ and The beginning of the proof, however, is similar, namely, for a 

large constant M > 0 to be specihed, independent of t and a, we integrate by parts 
in s using 




— —i ( + M 


-1 


—iMs 


d. 


[H^ 
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In this way we obtain 


-Dill — — i 



'0 


-1 




dk' dk 


+ i 



>0 Jr3 


-1 


j _|_ I ^-iH^^(k)si^i{k'+k)-x 


dk' dk 




+ M 



'0 ^0 

r* t „2 


-1 




dk' dk 

X iy*(Q!Vt)W^(aVs)&fc&^^s ® ^ TTTT ITT 

F I \k\ 




+ i 



'0 ^0 


-1 


g*-fl¥>t(s+si) [ _|_ ^i{k'+ky 


dk' dk 


X iy*(aVt)W^(« ®D —— dsirfs 


Ifc'l |A:| 




+ i 



'0 Jo 


-1 


g*-H^¥>t(s+si) [ + M] Q-iH^^{k)si ^i{k'+k)-x 


dk' dk 

X W*{a^Lpt) [dsW{a^^s)]blbl,%lJs ®Qj^^j^dsids 


We now use fl2.13p . which implies 


+ V*(aVi)W"(aV.) = W"*(aV)(^r + ^) V(aVs) 

= W*{a^ipt)W{a^ips) + m )”' 
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-1 


in order to commute + Mj to the right through W*{a^i~pt)W{a‘^^ps)- Moreover, 
we use Lemma [A.3l to compute dsW{a^^ps)- In this way we obtain 

1 ^ 111 = [ e^^^^^W*{a^ipt)W{a‘^ips)Qids 


+ i I e'^^‘"W*(aVt)W^(«Vo)Q2dsi 

rt rt—s 


'0 


+ M 
+ i 
+ i 



0 ^0 
t pt — S 



0 JO 
t pt — s 



e*^^*(*+*i)iy*(aV0W^(«Vs)Q3 dsi ds 
e*^^‘("+"i)iy*(aVt)W^(aVs)Q4 ds^ ds 
e*^^*("+"i)iy*(aVt)W^(aVs)Q5 dsi ds 


0 JO 


with 


Qi := {H^,+M 


-1 



Q2:= [H^o + M 


Qs:= (H^^+M 


Qa := [H^s+M 


Q,:= 


-1 


-1 


-1 


-1 






|/c I |A:| 

|/e I \k\ 

^-iH^,{k)s,^i{k'+kyx _ h{a^ds^s) 

dk' dk 

+i Im((p„ a^ds^s)) blK'^^s ® ^ • 

(Here, we suppress the dependence on t, s and si in the notation of the Q/s.) 

In the remainder of this section we shall show that, uniformly for 0 < s, Si < f < a^, 

\\Qj\\c^<^T<a-^ ifj = l,2,3,4,5. (4.2) 

This will imply that 

II-^di||£2|2,jp < « ^f(l + f). (4.3) 

Since the operator (iL^^ + M)~^ (—A + Af + M) is not bounded, bounding the Qj 
is rather involved. (Here TV was introduced in fl2.41l) .I With the notation 

Z^:=V^+ [ Mx)\^dk+ [ (e-“-fc + e-‘-tJ)^ + KU + 6*(U 

JR3 JR3 \k\ 

abbreviate fl2.14p as 

Hm = —A + Af + 0(0 . 
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Defining 

:= (-A + AA + (-A + AA + 

we have 

+ = (-a+aa + m)-^/' (^i + z^)”\-a+aa + m)-'/2 

= (-A+AA+M)"^ 

- (-A+AA + M)-'/' (^1 + Z^)”'(-A+AA + M)-^/'Z^(-A+AA + M)-\ 
It is not difficult to see that for every e > 0 and A > 0 there is an M such that 


< £ (4.4) 

C'^®T^C?®F 

for all with \\^\\c'^ < A; for details of this argument we refer to [7]. Thus, using the 
bound on ||(y9s||£2 from Lemma [2.11 we can choose M in such a way that 


1 

< - 


for all s > 0. 


Therefore, the operator 1 + in the above formula for + M)~^ is invertible. 
We use this formula to decompose 

-1 


Qi — I 1 — (—A + A/" + Af) 


- 1/2 


1 + Z( 


‘fs 


{-/A+AT + M) 


- 1/2 


X + j^ \(ps{x)\^dk + b{(ps) + Qio 


- {-A+Af + M) 


- 1/2 


1 + z,. 


-1 


(Qii + Q 12 ) 


(4.5) 


with 





Qio (“^ + Af + M) 

Qu := (-A + A^ + M)-'/' (-A + AA + M) 


-1 


X 



e e 0 U 1^1 . 


Qi2 := (-A + AA + M)-'/' (-A + AA + M) 


-1 


X 





Using fl4.4p . the fact that (—A + Af + M)~^^^{b{(ps) + b*{ips)) is bounded uniformly 
in s as well as the estimates ||V),Jloo ^ 1 (from fIC.ip and Proposition 12.2p . ||(ps ||2 1 

(from Lemma [2.ip . we conclude from fl4.5p that 


IIQllln^oJ- < ||<5 io|U20JF + ||Qii||£2^j- + ||Ql2||£20_7r . 
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We now bound the three terms on the right side separately. 

Bound on Qiq. In order to control Qio we prove an analogue of Lemma [3.11 for the 
case of two singularities. 


Lemma 4.1. Foru G / E and s E 


:-A + i) 


-1 





dk' dk 


\k'\ \k\ 




£20^- 


Before proving this lemma we show how to use it to bound Qio- Note that, since Qiq 
involves only blbl.,Q, the operator (—A + J\f + M)~^ in its dehnition can be replaced 
by (—A + 2a~‘^ + M)~^. This observation, together with Lemma [4.II and the uniform 
boundedness of tfjg in V? for s E [0,0;^] (see Proposition 12.21) . proves that 


IIQio||/:20j- < a ^ . 

Proof of Lemma f.l. We shall show that for any 7 E <8 W 

dk' dk 


(4.6) 


7, (-A + 1) 


-1 



\k \ \k\ 


< 


“ ^I|7||£20j-||'u||^2 


We integrate by parts twice in x and use fl3.ip with k replaced by /c + k'. A typical 
term that is obtained in this way in the inner product on the left side is 

{ki + k'j){kj + k’P dk' dk^ 


(-A + 1 )-S, 



e'^k+>^')-^blbl,u ® kl 


\k\\k'\{i + \k + k'\^y 

Since (—A + 1 )“^ is bounded and is unitary, the vector on the left side 

of the inner product is bounded in norm by || 7 ||£ 2 |g,j-. We now show that the vector 
on the right side of the inner product is bounded as well. We compute 



e'^k+k'y^hlblm ® n 


.- 4 | 



{ki + k'j){kj + k'j) 

\k\\k'\{l + \k + k'\^y 


{ki + k'^Y{kj + k 


dk' dk 


£20^ 


i\2 


dk' dk. 


\k\‘^\k'\‘^{i + \k + k'\^Y 

The desired bound now follows from the fact that the double integral on the right side 
is hnite. Other terms that arise in the integration by parts are controlled similarly 
and we omit the details. This proves the lemma. □ 


Bound on Qn. By considering the number of involved held particles we can replace 
M in the dehnition of Qu by numbers and obtain 

^k" (-A + 2a-2 + M)’ 


Qn = (-A + a-2 + M) 


-1/2 


-,—ik"-x-L 
3 Oh 


\k'‘ 


, -1 


X 
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Next, by commuting bk" to the right, 

= a-2 (-A + a-2 + M )[ {{iV - k'f + 2tt-2 + M) 

Jr3 I/c'U \k\ 

+ a-^ (-A + a-2 + M) [ ((iV - kf + 2a-^ + M) 

JRS 

Jr3 \k \ \k\^ 

It remains to compute the norm of this expression. Since this is considerably easier 
than for Q 12 we omit the details and only state the hnal result. 


||Qll||/:20jr ^ tt ^ 


(4.7) 


Bound on Qu- In the same way as for Qu, we can replace A/” by a number, so that 

Qu = (-A + 30-2 ^ - 1/2 f ^ 20-2 + M) 

iR3 


X 




dk' dk 

W\W\' 


Next, we commute and eh^'+fci-a; j-j^g right and obtain 
Q,2= f f f {{tV - k - k'- ky + 3a-^ + 

JR3 JR3 JR3 


X ((,V - ^ - kf + 2a- + Mr ^ ^ |j fl' 

We now compute the norm of this expression. For the part of the norm over J^, we 
use the fact that 


= 5{ki - ki)5{k2 - k^)5{k‘i - ke) + S{ki - kA)5{k2 - ke)S{k3 - k^) 

+ 5{ki - k^)5{k2 - k4)S{k3 - k^) + 5{ki - k3)5{k2 - kQ)5{k3 - k^) 
+ 5{ki - kQ)5{k2 - k4)S{k3 - k^) + 5{ki - kQ)S{k2 - kA)5{k3 - ke) 


to write 

® (Ai + ... + Xg) , (4.8) 

where, for instance. 


Ai : = 



X 


((iV -k-k' - k"Y + 3o-2 + M) ^ 
((^V -k- k'f + 2o-2 + ^ 


dk' dk 
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and 



((iV -k-k' - k"f + 3a-2 + M) 


-1 






la-^ + M) 
dk" dk' dk 


, -1 


|A;"|2 Ifcf |A;|2' 

By the Schwarz inequality we have IX 2 I < Xi and, similarly, 

l-^jl < Xi for all j = 1,..., 6 . (4.9) 

Thus it suffices to control Xi. 

We hrst perform the k" integral and then the k integral. We make use of the 
following bounds. 


Lemma 4.2. One has 

(4.10) 

[ ((*V, - kf + 1)'“ ^ < (-A + 1)-' . (4.11) 

JR3 FI 

Before proving the lemma, let us see that they provide the desired bounds on Xi. 

First, conjugating (Id.lOh with g^^d assuming that M + 3a^ > 1, we obtain, 

uniformly in fc, /c' G M^, 

r 1 dk” 

/ ((,V-fc-fc'-fc")' + 3a-' + M) ^<1. (4.12) 

./m3 I ^ I 

Similarly, conjugating (Id.llh with we obtain, uniformly in k' G M^, 

[ ((*V. -k- k'f + 2«-2 + M)“' ^ < ((*V - k'f + !)■'. (4.13) 

./m3 FI 

Inserting fl4.12|) and fl4.13p into the dehnition of Xi, we obtain 

- k'f + 1) \ ^ 

Jr 3 \ / |fc |2 

Since (—A + + M)^/2 jg bounded, uniformly in t (by Corollary IB. 2 1 and 

Lemma [2T|) . we also know that ((iV — k'f + l)~^/‘^{H^f—k') + Mf/'^ is bounded, 
uniformly in t. Thus, 

jR3 \ 'FI 

” L f' ' f iu? 
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Applying (I4.1ip again, we see that the latter expression is bounded by a constant 
times ||'0s||£2 = 1 by Lemma [2A1 This, together with (14.Sh and (I4.9p . implies that 

||<5i 2|U20J-< a (4-14) 

Proof of Lemma We only prove fl4.1ip . since the proof of 04.101) is similar and 
simpler. By applying a Fourier transform we see that we need to prove 




-1 


\k\ 


for p G 


We split the integral into the regions 4|/c| > |p| + 1 and 4\k\ < \p\ + 1. In the hrst 
region we bound \k\~‘^ < 16/(|p| + 1)^ and note that 


/ ((p + fc)^ + l) dk< ((p + fc)^ + l) dk= +1) dk < oo. 

i{4|fc|>|p|+l} JRS Jr3 

In the second region we distinguish the cases \p\ < 1 and \p\ > 1. In the hrst case we 
bound 


'{4|fc|<|p| + l} 


// ,N 9 \-2 dk 

{{p + k) + l) 1^ ^ 


dk 


'{4|A:|<|p|+l} 


\k\ 


< 


2 — 


'{|fc|<l/2} 


dk 

w 


< oo 


For IpI > 1 we note that in the second region we have 2\k\ < \p\ and therefore 
(p + ky > p^/4 > Thus, 

((p + kY + l) ^ < (p^/4 + + 1)“^. 

Since + l)~^\k\~‘^ is integrable, we obtain again a bound of the required form. □ 


Bounds on Q 2 , • • •, Qs- The terms Q 2 , ■ ■ ■ are controlled in exactly the same way 
as Qi- (For (^4 we use the fact that ||ds' 0 s||-K 2 < 1 for t by Proposition 12.21 1 
The argument for is also similar. In fact, the term involving Im((ps, a^dg^s) is 
controlled as before. For the term involving b*{a^ds^s) we have to prove a simple 
extension of Lemma [4.11 where we have operators b*{f)blbl, with f ^ C? (similarly as 
the second part in Lemma [3.II) . Finally, the term involving b[o?‘ds'pf) can commuted 
to the right and therefore becomes a less singular term which can be controlled already 
with Lemma [ 3 . II These arguments prove fl4.2l) and complete the proof of fl4.3p . 

Bound on ZI 112 . The term D 112 in fl2.34p contains only one factor \k'\~^ and can 
therefore be controlled essentially by the same method as Dqi, based on Lemma [3.11 
In order to create a factor of + M)“^, we integrate by parts in Si. This, however, 
will create a factor of H^p^ in one of the terms. When dealing with D 211 we will explain 
how to remove this term by integrating by parts in s. Since ||ps,i|loo ^ — s| and 

Hiss's,illoo = IlS'sIloo ^ by Proposition 12.21 this factor behaves will in the bounds. 
When applying Lemma [3T] we also use ||dsV’s|| 7 ^i ^ 1 from Proposition [221 see also the 
remark at the beginning of Subsection 12.21 concerning the bounds on dtfjt- Without 
going into details we state the hnal result. 
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Bound on -D121. Also the term -D121 in (I2.3ip contains only one factor of and 
can be controlled as just sketched for D 112 and as explained in detail for -D 2 ii- In 
order to control the terms that appear when integrating by parts in s we make use of 
||cIsCT^J |£2 < 1 and ||9sV’s||'hi ^ from Proposition 12.21 in addition to the bounds from 
Lemma 12.11 Moreover, we need an obvious extension of Lemma 13.11 to the case with 
b*[fi)b*{f 2 )h\, which is proved in the same way. Combining all this, we end up with 


-^i2i||£2g,jp < a ^t(l + t). 


(4.16) 


Bound on Zli 22 - The term D 122 contains no \k\ ^ term. Using ||5's,t||oo ^ — s| 

for 0 < s < t by Proposition 12.21 and ^ by Lemma 

[Q we obtain immediately 


\D 


122 




a-H\ 


(4.17) 


5 . Estimation on D2 

Bound on D 211 . We recall equation (I2.32p for Zl 2 ii- In this equation we commute 
^-tk-x ^Prough which introduces again the operator H^^{k) from (14.ip . and 

we commute bk with 6^,. In this way, we obtain 


ZI211 — a 


-2 



t—S 


dk 


0 JO 


®kl — dsids. 

\k\ 


The difficulty in controlling ZI 211 comes again from the fc-integral. It is not enough 
to bound the norm of the integrand as it stands, since \k\~‘^ is not integrable. Thus, 
we need to gain some extra decay from . Xo get this decay, we integrate by 

parts in Si using 


e 


( 5 . 1 ) 
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with a large constant M > 0 independent of a and t. We obtain 


-Don —ia 


-2 



— za 


-2 


dk 

X W*{a^ipt)W{a^ifs)iJs ® ds 





0 Jm3 


X W(a^(fs)^s f^^^ds 


dk 

w 


t pt — s 


+ a-^M 





0 ^0 


X W*(aVt)hh(ttVs)^s <8) n dsi ds 


dk 

w 


t pt—s 


a 


-2 





0 JO 


dk 


X W*{a^^t)W{a^ips)iJs (^klj—ds, ds 

|fc| 


=D 


2111 


D 


2112 -T -1^2113 


D 2113 + D 


2114 


where D 2 nk, k = 1,... ,4, are naturally dehned. 

We hrst show how to deal with the terms D 2111 , D 2112 and D 2113 . The term D 2114 
is harder because of the additional factor of 

The following lemma quantihes in which sense the operator + M)~^ leads to 
additional decay in k. 


Lemma 5.1. For u G 

'\{\iV + k\^ + 1)~\ 

Proof. By Fourier transform, we have 

(\iV + k\^ + l)~\ ' = ‘‘ 

2 ^ 

We now observe that 


dk 


2 \k\ 


2 ~ \Mn^ 


(5.2) 


(1 + Ip + /cP)2(l + |p|2)2 
1 . 1 


(1 + IpI ) |h(p)| dp 


< 


(1 + | P + A ;| 2 ) 2(1 + | p | 2)2 ~ ( 1 +| A ;| 2)2 

This can be proved by considering separately the regions where |p| < ^\k\ and |p| > 
||A;|. Thus, 


(|^V + A;p + l) \ 


< 


I 2 ~ (1 + |A;| 2)2 
and the claimed bound follows by integration over k. 


Ml., 


□ 
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Let us return to the terms -D 2111 , -D 2112 and -D 2 ii 3 - It follows from Corollary IB.2I 
by conjugating with the unitary that there is an M > 0 such that the operator 
+ M)~ (|iV + fcp + 1) is uniformly bounded in a and t. This, together with 
the boundedness of 'ipg in for s G [0, from Proposition 12.21 yields 




dk 

2 


< 1 , 


and therefore 


||-D2iii|U 20^ < a , ||-D2 ii 2|U20^ < a , ||-D2ii3||/:20jr < a . (5.3) 

We now turn to the term £> 2114 , which contains the operator H^p^. The idea is to 
remove this operator by integrating by parts in s using 




This leads to 

T>2n4 = - ia~‘^ 



0 


{^HpXk) + M)-^ 


dk 


X W*{a^Lpt)W{a^^psi)'>Psi ® dsi 


+ ia 


-2 



-1 ^-iH^^(k)s-i_ 


+ M)“ 

i 

dk 

X lT*(aVt)I^(«Vo)^/’o ® 777^ dsi 

|fc| 


+ ia 


-2 


a t — S 


^Hp,{k) + M)~^ 


dk 


X W*{a^ipt)W{a^ips)dsi!s ^ — dsi ds 

\K\ 


+ ia 


-2 



t—S 




0 Jo 


dk 


(5.4) 


X W* {a^(pt) {dsW (aVJ) i’s ^ ^ tti^ dsi ds . 

|fc| 

The hrst three terms on the right side can be bounded by Lemma [5T] together with 
the uniform boundedness in 'h? of ips and dg'ips in [0, a^] from Proposition 12.21 see also 
the remark at the beginning of Subsection 12.21 concerning the bounds on dt'ipt- For 
the fourth term on the right side we use the formula flA.4p for dsW{a^(ps)- Then the 
term can be bounded by proceeding in the same way as for and using Lemma [5T] 
together with the fact that a^dg^s is uniformly bounded in for all times by Lemma 
O To summarize, we obtain 
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and, because of (I5.3p . 

11-^211 ||£2^j-< a + (5.6) 

Bound on i^ 2 i 2 - The term 1^212 involves a single difficult operator J dk' 

and can be controlled using the technique from bounding Dqi- We hrst integrate by 
parts with respect to si using (15.Ih (with /c = 0) to create a factor of + M)~^. 
Using this factor we can apply Lemma IXTl as in the bound of Dqi. In one of the terms, 
however, the integration by parts creates a factor We remove this operator via 
(15.41) by integrating by parts in s. The factor gg^t and its derivative dsgs,t = —Qs are 
bounded by Proposition 12.21 and do not create any problems. Eventually, this shows 
that 

Il-^2i2||£2g)j-< a + (5.7) 

Bound on D 22 i- The term 7^221 appears in (12.331) . We use bkb*{a^Jfl = a~‘^a^^{k)fl. 
By the Schwarz inequality, (lC.2p and Lemma [2T] we have || |fc|“^(T^^(fc)f2||i < 

< llV'sll^i ^ 1- From this one easily concludes that 

||-D22i||£ 20J- < a . 

Bound on 77222- The term D222 appears in fl2.37p . Using the bound on gg t from 
Proposition 12.21 and the fact that b{a^Jfl has norm of order a~^ by Lemma [2. II one 
obtains 

||-D222||n2^yr < a 

6 . Bounds on D3, and 

We recall that we have already controlled D32, D42 and D^2 in (12.391) . (12.401) and 
(I2.42p . The remaining terms D^i, D41 and D^i have at most a single term \k\~^ and 
can be bounded using the methods we have already developed. Therefore we will be 
rather brief. 

For each of the terms D^u, D312, D412-1 D^n and Z 7512 we hrst integrate by parts 
in Si to generate a factor of + M)~^ which allows us to apply Lemma [3Tl One 
of the terms, however, will involve a which we have to remove by integrating by 
parts in s. Using the bounds from Lemma [2.11 and Proposition 12.21 we obtain 

||-D3ii||£2g)j-< a ^t(l + t), 117^31211 £2^ j-< a + 

||774l2||£20yr < a ^t^(l + t) 

||-D 5 ii||£ 2 g)j-< a ^t{l + t), ||775i2||£2^yr < a H'^{l + t + a 4^), 

The remaining term 774ii can be immediately bounded by 

||-D41l||£20yr < a . 
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7. Proof of the almost orthogonality relations 
7.1. Proof of fl2.28p . We recall that 


(fi, 

We commute the operator bl to the left and use 6^12 = 0. For the commutator we 
obtain from Corollary IA.2I (with the dehnition fl2.5l) of gs,t) 


( 12 , 


( q , ^ Vi.0l2ds^ 

Jo 


Thus, 


IIP. 


g 


Do) 


T 


\,.<t 


sup 11^, 

0<s<i 


s,t I 




Thus, by the bound on g^^t from Proposition 12.21 and the conservation of the CJJ norm 
of -08, we obtain the claimed bound fl2.28p . 


7.2. Proof of fl2.29l) . For <F G let 

0$(t) e-'^^‘*Z2o) 

\ / C?®T 

\ Jo 2r3 1 J \k\ / 

We shall show that 


|e*WI <«-"*"(!+ a"0l|1>D. (7.1) 

which by duality implies (I2.29p . 

Our goal will be to derive an ordinary differential equation for 0$. We use the 
presence of the operator to obtain (with inner products in 0 P) 


dS^ = (dtJlJt 0 <h, (^p^-pp*(«Vt)lfr(aVs) bl ^ 

+ ^ {dte-^^-dts)^ Pi j ^{p'^-^W*{a^Lpt)W{a^^s) bl ® o) 

+ (i,t 0 <F, e-Wdi-PpU W(aV.) bl ® f2) ^ . 
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For the first term we use equation fl2.10l) for dt'ijjf In the second term, we compute, 
using Duhamel’s formula. 


pt — S 

Jo 


= + {t- s)dt\\ipt\\l) - Z r ' 

Jo 

Note that the part involving will cancel the contribution from the hrst term, 
except for part of the constant u:{t). Finally, for the third term we use Lemma [A.3I 
and Lemma [A.II to obtain 


dtW*{a^Lpt)W{a^^Ps) =a^W*{a^^pt) - h*{dt^t) + * Im (92*, IF(aVs) 

=a^W*{a^ipt)W{a^iPs) Hdm) - b*{dt^t) 

+2i Im (dt^pt, p>s) + i Im {(ft, dt(pt)] 

=Q;^fF*(Q;Vt)I^(«V^) [Kdm) - b*{dt(pt) 

+2i Im {dtift, (fs - (ft) +i Im {dt(pt, (ft)] ■ 


Putting all this into the above formula, we obtain 


dtQ^ — Ml + M 2 + -M 3 , 

where the terms Mi, M 2 and M 3 are dehned, using the notation 

:= W*{a^ips)W{a^ipt)^, 
by 


t pt — S 


Mi{t) := -z / / Ut ( 8 ) 

'0 Jo ' 


P,t / {e^’^-^bliJs(^n]^}dsids, 


V’s 


dk 


\k\ 


M2{t) := j ® 


P 


IpS 


P (b{dtipt) - b*{dt(pt)) ® ) 1^ ) ds , 


dk 


M,{t) := (Pt ® $,, 1 , ^ ds 

with 

m(s, t) := -i{t - s)dt\\(pt\\l + 2ia^ Im {dt(pt, (fs - A’t) ■ 

Since 0$(O) = 0, we conclude that 


0 < i >( t ) — / ( Mi ( s ) + M2 ( s ) + M ^ i ^ s )) ds . 


( 7 . 2 ) 
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Below we shall show that 

|Mi(t)| <«-¥||«h||^, \M,{t)\<a-Hmr. |M3(t)| < . (7.3) 

Together with (17.21) this will prove (17.ip and therefore (I2.29p . 

Bound on Mi. Using the fact that Pf = 1 — \'ijjs){'ips\ (see the proof of Lemma [2.41) 
we decompose 

where 


Ml — Mil ~ Mi2 , 


t nt—s 


Miiit) :=-i I j ® (*-*-*!) 




W\/ 


dsi ds 




and, with ar from (12.2p . 


t nt—s 


Mi2{t) := -z P(a^J ^l)^dsids. 


The second term is easy to control. In fact, the a-priori bonnds from Lemma 12.11 
together with ||dtU^J|oo ^ from (IC.SP imply 






and 




T ■ 


This yields a bonnd of the form (17.3p . 

We now bonnd the integrand in Mu. We have 


® (dW^J f 6* Vi, (8) U) 


< 


X 




1^1 / £20^ 

(P^, + MY^% ® $,,, ||(P^, + M)-V2 (P^, + M)V2|| 

dk 

]k\ 

By Corollary IB.21 and an easy modihcation of its proof, for M sufficiently large (but 
independent of t and a), the operators + M)=*=^P(—A -|- are both bounded 

uniformly in t. Therefore Lemma 13.11 and the a-priori bounds from Lemma 12.11 yield 

/Vi (8) bl V, 0 o) 

\ JR3 ^ ^ Fl / i 

< a-'IIV-.llw-lltlP ||(-A + (5,K„) (-A + 1)‘/^|| ||^.||„. 

< a-'||<l.||^ 1|(-A + l)-'/2 (8,v;j (_A + 1)‘/2|| . 


£20^ 
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Finally, using the fact that ||V5tV^J|oo ^ (see (IC.Sp ). we obtain that the operator 
appearing in this bound has norm < a~‘^. Thus, we hnally obtain 

/i/ii ( 8 ) f bl ® < «'' , 

\ Jr3 V / \k \/ ^2^jr 

which, when integrated over si and s, leads to the bound in fl7.3p . 

Bound on M 2 . As for Mi, we use Pj~ = 1 — |'0s)(V’s| fo decompose 

Ws 

M 2 = M 21 — M 22 


with 

M2i(t) := ® ^s,t, {b{dm) - b*{dt(pt)) bl 

and, with from fl2.2p . 

M 22 (t) := (i^t, {b{dtipt) - b*{dtipt)) b*{a^J ds . 

Once again the bound on M 22 is straightforward. Namely, we commute b*{a^J to the 
left through b{dt(pt) — b*{dt(pt) and obtain 


By similar computations as for instance in the bound on D 32 and by the a-priori 
bounds from Lemma 12.11 we obtain 






By the conservation of the norm of ijjt we conclude 


|Af22(t)| < a , 


which is of the form claimed in fl7.3l) . 

We now discuss M 21 . Again we commute bl to the left through b{dt(pt) — b*{dt(pt) 
and obtain 

M21 = M211 -|- M212 , 

where 

M2n{t) := -a' f Ut® f ^ 

Jo \ iM3 V / |fc|/£2^yr 

and, with gg from fl2.6l) . 

M2i2{t) := k})j,ds. 

Since ||(7s|loo ^ by Proposition 12.21 we obtain immediately 

|Af2i2(t)| < a“^t||<F||jr. 
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To control M 211 we bound 


® b*{dm) 


dk\ 

1^1 / n20jF 


< 






dk 

]k\ 


As for Mil we use Lemma [?!T] and Corollarv lB.2l land a simple extension of its proof) to 
choose M large enough, but independent of t and a, so that + A + 1)^^/^ 

are both bounded uniformly in t. Therefore Lemma 13.11 and the a-priori bounds from 
Lemma 12.11 yield 


Yt ® [ (e^’^-^bl b*{dm) Ys «) 

^ \^\/c?®T 

< a-Y\A\\v.A\HA\dm\\cA\'^s\\v.^ 


This, when integrated over s and multiplied by a^, leads to the bound in fl7.3p . 


Bound on M 3 . The a-priori bounds from Lemma [2.11 yield 

\'m{s,t)\ < a~^\t - s\ . 

Moreover, applying Lemma 13.11 as in the bound on M 21 we hnd that the absolute 
value of the inner product in the integral dehning M 3 is bounded by a constant times 
Q!“^||<1)|| J-. This yields the bound in fl7.3l) . 

This concludes the proof of (12.291) . 


Appendix A. Some Properties of the Weyl operators 

In this appendix we collect some standard properties of the Weyl operators W (/) 
dehned in (11.71) in terms of b{f) and b*{f). They are well-known, but we provide 
proofs for the sake of completeness. We recall that the commutation relations for b^ 
and bl involve a factor a~‘^. 

Lemma A.l. bk, b^. and W{f) satisfy the following relations, 
bkWif) = Wif) {bk + a-^f{k)) and 6^W(/) =W(/) {b*, + a-^fik)) . (A.l) 
Proof. For t > 0 we consider the operators 

Ft := W{t^) = , (A.2) 

which satisfy 

dtFt = {b*{f)-b{f))Ft, 


Fo = ld. 
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Multiplying by bk and using the commutation relations we obtain the following equa¬ 
tion for bkFt, 

dtbuFt = {b\f) - b{f)) bkFt + f{k)Ft , bkFo =bk . 

Therefore, by Duhamel’s principle applied to the latter equation, 

bf^Ft = + f{k) [ ds . 

Jo 

Recalling the dehnition of Ft in flA.2H we can rewrite this as 

bkFt = Ftbk + tf{k)Ft. (A.3) 

At f = 1 we obtain the hrst identity in the lemma. The second one is proved similarly. 

□ 


By applying Lemma [A.II twice, we obtain 

Corollary A.2. 

K, »"(/)ir(g)l = -a-q/W-9W) W’(f)W(g), 

[6i, W{f)W{g)]=a-^f(k)-g(k)) W{f)W(g). 

Next, we’ll consider the case where / depends (differentiably) on a parameter. 

Lemma A.3. 

dtWift) ~ {{ft, dtft) - {dtft, ft)) W{ft) + W{ft) {b*{dtft) - b{dtft )), (A.4) 

dtW{ft) = - ^ {{ft, dtft) - {dtft, ft)) W{ft) + {b*{dtft) - b{dtft)) W{ft ). (A.5) 
Proof. For s > 0 we consider the operators 

F{s,t):=W{sft), (A.6) 


which satisfy 

dsF{s, t) = {b*{ft) - b{ft)) F{s, t), F{0, f) = Id. 

We differentiate this equation with respect to t and obtain 

dAF{s,t) = {b*{ft) - b{ft)) dtF{s,t) + {b*{dtft) - b{dtft)) F{.s,t), 
dtF{0,t) =0. 


Therefore, by Duhamel’s principle, 

dtF{s, t) = r 

Jo 

W((s - St)ft) {F{dtft) - b{dtft)) W{stft) dst . 
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In order to simplify the integrand we now use Lemma lA.ll and obtain 

=a-^W{sJt) s, {{ft, dtft) - {dtfu ft)) 
+ W{sJt) {b*{dtft)-b{dtft)) . 

If we insert this into the above formula for dtF{s,t), we obtain 


dtF{s,t)=a-^-W{sft) {{ft,dtft)-{dtft,ft)) + sW{sft) {b*{dtft) - b{dtft)) . 

At s = 1 we obtain the first identity in the lemma. The second one is proved similarly. 

□ 


Lemma A.4. For any f,g^F, 

(fi, W*{g)W{f)n) = _ 

Proof. Let ft := tf + {1 — t)g and F{t) := (hi, W*{g)W{ft)PL) ■ By Lemma 1X31 using 
that Im(/t, dtft) = M/t, f - g) = lm{g, /), 

dtF{t) = {n, W*{g)W{ft) {F{f -g)+ Im(^, /)) fl). 

Next, by CorollarylQ since {g - f^J - g) = -t\\f - gf, 

W*{g)W{ft)b*{f - g) =b*{f - g)W*{g)W{ft) + a-\g - ft, f - g)W\g)W{ft), 

so 

dtF{t) = {-a~‘^t\\f - gf + ia~‘^\Ta.{g, f)) F{t). 

Since F{0) = 1, we conclude that 

^ g-a-2i2||/_c,||2/2+ia-2tlm(c,,/) ^ 

which, at t = 1, gives the assertion. □ 


Appendix B. The effective Schrodinger operator 

In this appendix we investigate the operator and form domains of the effective 
Schrodinger operator from fl2.12p with potential from fl2.1l) . 

Lemma B.l. For every A > 0 and e > 0 there is an M > 0 such that if ||</9|| < A, 
then for all f) G 

\\K\^'\\\<e\\{-A + Mf/^fj\\ 

and for all ip € 

IH;^ll<e|l(-A + Af)v<||. 
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Proof. As in [Tj Sec. 2.1], the Hardy-Littlewood-Sobolev inequality implies that 


< 


IlK^lie A; II‘AII2 
This implies, by the Holder and Sobolev inequalities, 

/ KWifdx < |T^||6||V'll?2/5 ;S Ilv>ll2liv^.||.f iivilf 


and 


IUnU"<i2:<IIUIl6llV>llI<ll42|lll|AUlfll>Allf . 


These bounds easily imply the assertions of the lemma. 

Corollary B.2. For every A > 0 there are M > 0 and C > 0 such that if 
then for all f E 

":-A+ !)■'/' 




< C 


f 


and 


|l(H„ + A/)-‘/||j<C||(-A + l)-‘/||, 

Proof. To prove the hrst assertion, we write 


{H^ + M)-^ = (-A + M)-^ (1 + (-A + M)-^ (-A + M)-^ ) (-A + 


-1 


(B.l) 


□ 
< A 


2 ^ 


and note that according to Lemma [B.l I we can choose M such that ||(p|| < A implies 
II (—A + Vtp (—A + II < . Similarly, for the second assertion we write 


+ M)-^ = (1 + (-A + M)-^ V;) ' (-A + M) 
and choose M such that ||(p|| < A implies || (—A + M)~^ V^\\ < e. 


-1 


□ 


Appendix C. Well-posedness of the Landau-Pekar equations 

In this appendix we prove Lemma [2T] and Proposition [2Al Recall that the weighted 
spaces (1 + kf)'^dk) were introduced in fll.llj) . We begin with some 

bounds on the coupling terms and crp introduced in fl2.1l) and fl2.2p . 


Lemma C.l. We have 


I|9"U|| 

CXD ~ + l 

for all G Nq , 

(C.l) 


<\mh^ 

ll^yllL=3^ <IIV'II^.. 

(C.2) 


Proof. By the Schwarz inequality. 


\d%{x )\<2 f \kf^ ^\ip{k)\dk<2\\ip\\c2 

Jr3 IpI+1 


(1 + fc2)2(l/3|+l )) 


and the last integral is hnite. 
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We have 

\Wt\\l = 


— / \i,{x)\V‘-^dx 

\k\ Jr3 


= 27r^ 


mx)\^myW 

It - y\ 


dx dy. 


By the Hardy-Littlewood-Sobolev inequality, this is bounded by a constant times 

/5 

1 ^ 1 . Moreover, by Plancherel, 


^11^/5 = 11^1112/5, which, by the Sobolev embedding theorem, is bounded by a 
constant times 


Ikhlln^dfcp-) = / 




dfc = (2vr)3(|^|2,(-A) 


m—11 


In particular, for m = 1 we get ||t/’ll 4 , which by Sobolev is controlled by For 

m = 3, the claimed bound follows easily using ||'0||oo IIV'II'H^ and again Sobolev. □ 

Proof of Lemma \2.1[ Local well-posedness in x follows by a standard fixed-point 
argument and one sees that and Pt) are conserved. One can use fIB.ip and 

the Sobolev inequality to show that [TJ Sec. 2 . 1 ], 

||VV||^+Ml2-C|l»’lhl|V<f||f||V'llf (C.3) 

for some universal constant C > 0. This, together with conservation of 
yields global well-posedness as well as the uniform bounds fl2.3p . 

According to flC. 2 p and the hrst bound in fl2.3p we have ||cr^Jl < ^ 1, which 

is the third bound in fl2.4p . 

By equation fll.Qp for (ft we have 


la'^dtpth < WPth + \Wp 


i Il 2 


and therefore, by the second bound in fl2.3l) and the third bound in fl2.4p we obtain 
the hrst bound in fl2.4p . 

Finally, pt — Ps = jl ds^Ps^ dsi, so for f > s by the hrst bound in fl2.4p 


\\pt-Ps\\ 2 < / Wds^Psihdsi < a ^\t-s 


□ 


This proves the second bound in (12.41) and completes the proof of the lemma. 

Before dealing with x £^ 3 ^-regularity in Proposition 12.21 we need to establish 
X £^3^-regularity. 

Proposition C.2. If {fjo, (po) G x then {i/jt,pt) G 'H^(R^) x 

for alltEM. and 

^ 1 + « ^ 1 + a ^1^1 

with implicit constants depending only on the initial data. Moreover, 

WdMc'^ + ||atCT^J|£2 < 1+ a“^|f|. (C.4) 

If, in addition, po G £^^^(R^), m = 2,3, then ipt G £^^j(R^) for all t eR and 


llAtlln^ .(r 3) < 1 -I- a ®|f| 


-(m) 
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Proof. By a standard fixed point argument one can show local existence of solutions 
in X ^'^ly In the following we will construct an functional, which is equivalent to 
the norm of and which grows in a controlled way as time increases. This will 
prove, in particular, that belongs to PL^ for all times. 

We claim that for every A > 0 there is a constant M > 0 such that 

IK-A + U + AWIIj 


satisfies 

(l/2)||V>llw < < (3/2)||«1||k. (C.5) 

for all "0 G Pi^ and all (p satisfying ||</ 2||2 < ^4. In fact, similarly as in the proof of 
Corollary IB. 2 1 we have 


|||(-A + V; + M)i,\\^ - ||(-A + M)i,\y < ||\4(-A + Af)-'t| ||(-A + M)i,\\, 

and according to Lemma IB. II we can choose M such that the first factor on the right 
side is less than e for \\(p \\2 < A. 

According to Lemma ITT] there is an A > 0 (depending only on ||t/’o||«i and ||(po||£ 2 ) 
such that ||(pt ||/;2 < A for all t. We choose M corresponding to this value of A and 
compute, using the equation for fjt, 

=2 Re ((-A + (-A + + M)dt'iP,) 

+ 2 Re ((-A + 

=2 Re ((-A + • 


By the Schwarz and the Holder inequality, 

< 2 \\dtV^t\U W'^th 

By fIB.ip and Lemma [2Tl ||cItR^J |6 ^ ^ and by the Sobolev inequality 

and Lemma Em HV'tHs < WAWn^ ^ 1- Thus, 

which implies that ^ 1 + According to (1C.51) this implies the 

claimed bound on ||' 0 t||^ 2 . 

The remaining bounds are proved in a straightforward way. We have 


\\dM 2 < II - ^V’tlh + \\V^M2 < + IlK’tllell^tlls 

By the bound on ||' 0 t ||^2 together with fIB.ip and the bounds from Lemma l2.ll we 
obtain the first bound in flC.4p . Moreover, 

dtay, = 2\k\~^ [ Re {fjtdtfjt) dx 

and so, by the Hardy-Littlewood-Sobolev inequality as in fIB.ip . 

ll^i^^Rll2 ~ \\i^tdtMe/5 < ||V't||3||5tV’t||2. 

By the first bound in flC.4p and Lemma [2.11 we obtain the second bound in flC.4p . 
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In order to deduce the bounds on ift we use Duhamel’s formula 

^^{k) = f ds . (C. 6 ) 

Jo 

If (fo G m = 1, 2, 3, we deduce that (ft G provided we can bound ||o'pJ |£2 . 
This quantity can by controlled by Sobolev norms of 'ips according to flC.2p . This 
proves the proposition. □ 

Proof of Proposition \2.2[ The basic strategy is the same as in the proof of Lemma [0.21 
except that verifying the properties of the functional is more complicated in this case. 
Again we do not give the details of the local existence via a hxed point argument. 

We claim that for every A > 0 there is a constant M > 0 such that 

satisfies 

(l/2)||V<|k. < < (3/2)|W.||„. (C.7) 

for all G PC^ and all (p satisfying < A. To show this, we hrst observe that, 

as in the proof of Lemma 1C.21 

|||(-A + 1/^ + M)V ||2 - ll(-A + M)(-A + 1/^ + M)fj\\^\ 

< I|v;(-A + ||(-A + M)(-A + 14 + 

and that A + can be made arbitrarily small for ||(p ||£2 bounded by choos¬ 
ing M large. Thus, it suffices to show that ||(—A - 1 - M)(—A + V^ + is equiva¬ 

lent to II(—A -f MYf)\\ 2 . We compute 

I||(-A + M)(-A + 1/^ + M)fj\\^ - ||(-A + 1/^ + M)(-A + M)i,\\^\ 

< ||(2V1/^ ■ V + AV^) (-A + ||(-A + M)fj\\^ . 

According to (1C.ID . the first factor on the right side can be made arbitrarily small for 
11 (p 11 £ 2 ^^ bounded by choosing M large. We dually apply the argument in Lemma fC. 21 
again to compare ||(—A-(-1/^-|-M)(—A-|-M)' 0||2 to ||(—A-|-M)^' 0 || 2 . This proves 
the claim. 

According to Lemma 1C.21 for every r > 0 there is an A > 0 (depending only on 
IIV’oIIh^j II</^o||z :2 and r) such that ||</ 5 t ||/;2 < A for all |f| < We choose M 

(3) (3) 

corresponding to this value of A and compute, using the equation for fjt, 

Pt) =2 Re ((-A + + MYtlj,, (-A + 

+ 2Re ((-A + {dtV^,){-A + 

+ 2Re ((-A + + Mffju (-A + K.* + 

=4Re ((-A + + M)Vt, + V;,, + M)^) 

- 2 Re ((-A + + MfA. • V + Ad^V^,)fjt) . 
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Therefore, by the Schwarz inequality, 

+2\\VdV^,\U\V'iPth + \\^dtV^,\U\iJth) 

According to Lemma IC.2I and fIC.SD all terms involving ipt here are bounded by a 
constant for |f| < to^. Assume that we can prove that all terms involving ipt here are 
bounded by a constant times a~‘^ for |t| < to^. Then we will have shown that 

for |t| < ra^, which implies that ^ 1 + < 1 for |t| < to^. 

According to flC.7j) . this proves that ||'0i||«4 < 1 for |t| < to^. 

Thus, it remains to prove that 


't 11 oo 




for |t| < Ta 


-2 


If we insert the equation of tpt into the definition of Vh^, we find 




-2 


_X flh 


(C.8) 


(C.9) 


(Note that the contribution from cancels.) Using this formula, we obtain 

in the same way as we obtained (IC.ip . This implies fIC.Sp in view of the bounds on ipt 
from Lemma [C.21 

It is straightforward to deduce the remaining bounds claimed in the proposition. 
The bound on ||(^i ||£2 follows from Proposition 1C.21 Because of the equation for 

(3) 

we have 


Wdt'iptWn'^ < II — Ai/>t||^2 + ||U/,ti/'i||?^2 < ||i/’t||^4 + '^2 ll^^^¥5tlloo||V't||-K2 

l/3|<2 

Using the fact that ||'0t||?^4 < 1 and ||</ 2 t ||/;2 <1, which by fIC.lD controls 

(3) 

for |/9| < 2, we conclude that ||cli'0t||^2 < 1. The second bound in fl2.8p follows from 
Proposition 1C.21 

Finally, we need to prove the bounds on gs and gs,t- By the Schwarz inequality as 
in the proof of flC.lD together with the equation for we find 

\\9s\\oc < ll^sT’.lUa^^ < (IIt^sIU^^^ + IkyJlT^^J • 

According to flC.2p and Lemma [2T] we have ||cr^J|£ 2 ^^ ^ ll'^sll/ri 1- Moreover, if 
|t|, |s| < ra^, then Proposition 1C.21 implies ||</ 2 s||£ 2 ^^ < 1. Thus, 

ll^slloo < 
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as claimed. Moreover, g^ t = gsi dsi, so for t > s 

lls'sjtiloo ^ J" lls^si Iloo dsi ^ cr (t s) . 

This proves (12 .Qh . 

Appendix D. Reduced density matrices 


□ 


Here we show how the approximation of in Theorem 1 1.3 1 yields 

approximations to its reduced density matrices in Theorem 11.21 The argument relies 
on the following abstract lemma. 

Lemma D.l. Let TLi and ^2 be Hilbert spaces, let T, $ G "Hi <8 7^2 and f G Hi and 
g EH 2 such that 

'^ = f ® g + ^ 

and 

\\f\\H,<C, \\g\\n,<C, 

and 


\\{f,^)nAW.<Ce^ 

72 = Tr„jT)(T|. 


II (s') ^)h2\\hi < Ce^ 

for some C* > 0 and £ > 0. Define 

7i = Tr^2 l^)(^l > 

Then 

Tr^i |7i - II^IIL l/)(/l| ^ SCV, Tr ^2 jys - ||/||^^ \g){g\ \ < SCV . 

Before proving this lemma, let us use it to derive Theorem 11.21 from Theorem 11.31 
We apply the lemma with Hi = H 2 = H, f = e~^do g = ^, 

^ Vo ® W{a^^o)D , $ = lT*(aVt)^V ■ 

Then Theorem 11.31 implies that the assumptions of the lemma are satisfied with £ = 
a-Hl + IV. We have ||/||2 = = 1, ||^||2 = ||R||2 = 1 and |/)(/| = 

Moreover, 

Ttu, I'tX'I'l = 7r‘“'*. rtw. I'J'X'I'I = W"'(ay<)7l''“»'(aV,). 

Thus, the conclusion of Theorem 11.21 follows from the lemma. 

We now turn to the proof of the lemma. It relies on the bound 

Tr^i I Tr^2 |Ti)('l/2|| < |Vi|Vi®4i2IVsIVugiHa (D-l) 

valid for any vectors Ti, \h 2 G Hi <8) H 2 - For the proof of (ID.Ill recall the variational 
characterization of the trace norm, 

Tr^^i VI = sup Rey'(ej, Ae'Vi , 
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where the supremum is over all orthonormal systems (ej) and (e') in "Hi. Thus, if {bk) 
is an orthonormal basis in 7^2, then 

Re E( (Tr^2 l^i)(^2|) ® '^i)ni(s>n2{^2, e'- ® 

j j,k 

- ®^k,'^i)ni(S)n2\‘^'\ fX] e'<8) 

V j,k / \ j,k / 

where the last inequality comes from the orthonormality of (e^ 0 6^) and (e'- 0 h^). 
Therefore the variational characterization of the trace norm yields fID.ip . 

Proof. Since Tr^^ \f 0 ^)(<h| = \ f){{g, ^)h 2 \, we have 

71 - Mk l/)(/l =\f)((9^ ^)n2\ + I(<^>,^)4i2)(/I + Tr2 |«h)(«h| • 

By flD.ip and the assumptions the trace norm of each one of the three operators on 
the right side is bounded by C‘^e^. This proves the hrst inequality in the lemma. The 
second one is proved similarly. □ 

Finally, we show that the a~‘^ error bound in Theorem 11.21 (for times of order one) 
is due to the fact that (ft is time-dependent. The proof makes use of the fact that for 
arbitrary normalized vectors a and 6 in a Hilbert space PL one has 

Tr^ ||a)(a| - |6)(6|| = 2 (l - \{a,b)\Y^ , (D.2) 

as is easily verihed. 


Proof of Lemma \1.4\ Because of Theorem 11.21 it suffices to prove that there are £ > 0 
and c > 0 such that for all |t| < £ and all a > 1, 


Tryr I \ W{a‘^ipt)fi) (fW— \W{a^(pQ)Qf) (PF \ P ca ^|f|. 
According to Lemma IA.4I and flD.2D this is equivalent to 

1 _ = 1 - I ((], lF*(aVo)PF(«Vt)^) r ^ (cV4)a-V . 

Since — </?o ||2 a~‘^\t\ by Lemma [2Tl it suffices to prove that there are £ > 0 and 

c' > 0 such that for all |t| < e and all a > 1, 


\\pt - Poh > c'a ^|t|. 


Since ^ 0, this will clearly follow if we can prove that for all |t| < and 

a > 1 

\\pt-Po + ia~‘^t{po +(ypo)\\2 ^ Ca~h^ . (D.3) 

To prove this, we use equation fll.81) for pt to write 

Pt- Po= / dsPs ds = / {ps + o-pj ds = {p^ -P cx^o) + 

Jo Jo 
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with ^ 

rt ■= dsi ds . 

Jo Jo 

By Lemma 12.11 and Proposition 12.21 the £^-norm of the integrand of r* is bonnded by 
a constant nniformly in |si| < and a > 1. This yields flD.3ll and completes the 
proof. □ 
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